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In some recent investigations involving differential operators for a general family of Lagrange polyno-
mials, Chen et al. [Some new results for the Lagrange polynomials in several variables, ANZIAM J. 49
(2007), pp. 243–258] encountered and proved a certain summation identity for the Chan–Chyan–Srivastava
polynomials. With a view to extending and generalizing the aforementioned summation identity, we
derive the corresponding results for one class of hypergeometric polynomials, the Jacobi polynomials, the
extended Jacobi polynomials, the Laguerre polynomials, the Hermite polynomials, the Lagrange–Hermite
polynomials and the Erkus¸–Srivastava polynomials.
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1. Introduction, definitions and preliminaries
The familiar (two-variable) polynomials g(α,β)n (x, y) generated by
∞∑
n=0
g(α,β)n (x, y)z
n = (1 − xz)−α(1 − yz)−β (|z| < min{|x|−1, |y|−1}) (1)
are known as the Lagrange polynomials which occur in certain problems in statistics (see [9,
p. 267]; see also [14, pp. 441–442]). A multivariable extension of the Lagrange polynomials
g(α,β)n (x, y) (popularly known as the Chan–Chyan–Srivastava polynomials), generated by
r∏
j=1
{(1 − xjz)−αj } =
∞∑
n=0
g(α1,··· ,αr)n (x1, · · · , xr)zn
(|z| < min{|x1|−1, · · · , |xr |−1}) , (2)
was introduced recently and investigated systematically by Chan et al. [3].
We begin by recalling an interesting summation identity involving the Chan–Chyan–Srivastava
polynomials g(α1,··· ,αr)n (x1, · · · , xr) as Theorem 1 below.
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Integral Transforms and Special Functions 85
Theorem 1 (see [7, p. 249, Theorem 2.3]) For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k)g(−α1−n1,··· ,−αr−nr)k (x1, · · · , xr)g(α1,··· ,αr)p−k (x1, · · · , xr)
= δp,n1+···+nr
r∏
j=1
{
(−xj)nj
}Pm(α1 + · · · + αr + p)
+ (−1)
m
m! P
(m)
m (0)
r∑
s=1
⎡
⎣δns ,m−1(αs)m xps ∏
1jr (j =s)
{(
1 − xj
xs
)nj}⎤⎦ , (3)
(
m, p, n1, · · · , nr ∈ N0; nj  m − 1 (j = 1, · · · , r); p  n1 + · · · + nr
)
.
Several summation identities as well as limit (and other) relationships exist for such hyper-
geometric polynomials as the Jacobi and the extended Jacobi polynomials, the Laguerre and
Hermite polynomials, the Lagrange–Hermite polynomial, the Erkus¸–Srivastava polynomials, the
Chan–Chyan–Srivastava polynomials, and the Srivastava–Singhal polynomials (see, for details,
[1,2,4,5,7,10,12,13]; see also [14,15]). The main object of this sequel to some of the afore-
mentioned investigations is to derive a number of new summation identities for a family of
hypergeometric polynomials, the Jacobi polynomials, the extended Jacobi polynomials, the
Laguerre polynomials, the Hermite polynomials, the Lagrange–Hermite polynomial and the
Erkus¸–Srivastava polynomials.
2. Summation identities for a family of hypergeometric polynomials
In terms of the Gaussian hypergeometric function 2F1(a, b; c; z), the hypergeometric polynomials
S(α,β)n (x) are defined explicitly by [6, p. 3296, Eq. (5)]
S(α,β)n (x) :=
(
α + n − 1
n
)
2F1(−n, β; α; x) (x, α, β ∈ C) (4)
or, equivalently, by means of the following generating function [14, p. 293, Eq. (12)]:
∞∑
n=0
S(α,β)n (x)zn = (1 − z)−α
(
1 + xz
1 − z
)−β
= (1 − z)β−α[1 − (1 − x)z]−β (5)
(|z| < min{1, |1 − x|−1}).
By appealing to (1) and (5), we have the following relationship between the hypergeometric
polynomials S(α,β)n (x) and the Lagrange polynomials g(α,β)n (x, y):
S(α,β)n (x) = g(α−β,β)n (1, 1 − x). (6)
Upon setting
r = 2, x1 = 1 and x2 = 1 − x
in the general result (3), if we make use of the relationship (6), we obtain the following corollary.
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86 S.-J. Liu et al.
Corollary 1 For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k)S(−α1−α2−n1−n2,−α2−n2)k (x)S(α1+α2,α2)p−k (x)
= δp,n1+n2(−1)n1(x − 1)n2Pm(α1 + α2 + p)
+ (−1)
m
m! P
(m)
m (0)
[
δn1,m−1(α1)m x
n2 + δn2,m−1(α2)m (1 − x)p−n1(−x)n1
]
(7)
(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + n2
)
.
Remark 1 For a given nonnegative integer m ∈ N0, if we let r  m and n  m + r, and then set
α1 → −α + β − n + r + 1, α2 → −β − r + 1, n1 → n − r − 1 and n2 → r − 1
in (7), we are led to the following summation identity:
p∑
k=0
Pm(k)S(α,β)k (x)S(−α−n+2,−β−r+1)p−k (x)
= δp,n−2(−1)n(1 − x)r−1Pm(−α − n + p + 2)
+ P
(m)
m (0)
m!
[
δn−r,m(α − β)m xr−1 + δr,m(β)m (1 − x)p−n+r+1(−x)n−r−1
] (8)
(
m, n, r, p ∈ N0; r  m; n  m + r; p  n − 2
)
.
By considering its further special case when p  n − 1, the formula (8) would yield the
following summation identity for the hypergeometric polynomials S(α,β)n (x) defined by (4):
p∑
k=0
Pm(k)S(α,β)k (x)S(−α−n+2,−β−r+1)p−k (x)
= P
(m)
m (0)
m!
[
δn−r,m(α − β)m xr−1 + δr,m(β)m (1 − x)p−n+r+1(−x)n−r−1
]
(9)
(m, n, r, p ∈ N0; r  m; n  m + r; p  n − 1).
Clearly, this last result (9) is equivalent to the following known summation identity due to Chen
and Srivastava [6, p. 3298, Theorem 2]:
∑
k=j
Pm(k)S(α,β)k−j (x)S(−α−n+2,−β−r+1)−k (x)
= P
(m)
m (0)
m!
[
δn,r+m(α − β)m xr−1 + δr,m(β)m (1 − x)−j+m−n+1(−x)n−m−1
]
(10)
(j, , m, n, r ∈ N0;  − j + 1  n  m + r; r  m),
which happens to be one of the main results proven in [6]. Obviously, therefore, our summation
identity (8) and hence also the summation identity (7) asserted by Corollary 1 would generalize
the Chen–Srivastava result (10).
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Integral Transforms and Special Functions 87
3. Summation identities for the extended Jacobi polynomials
The classical Jacobi polynomials P(α,β)n (x) of degree n in x are defined by the Rodrigues formula:
P(α,β)n (x) =
(−1)n(1 − x)−α(1 + x)−β
2nn! D
n
x{(1 − x)n+α(1 + x)n+β}
(
Dx := ddx
)
. (11)
Fujiwara [11] studied the so-called extended Jacobi polynomials F(α,β)n (x; a, b, c) by defining them
by means of the following Rodrigues formula:
F(α,β)n (x; a, b, c) =
(−c)n
n! (x − a)
−α(b − x)−βDnx{(x − a)n+α(b − x)n+β} (c > 0). (12)
The polynomials F(α,β)n (x; a, b, c) are essentially those that where considered by Szegö himself
[15, p. 58], who indeed showed that these polynomials are just a constant multiple of the classical
Jocobi polynomials P(α,β)n (x) defined by (11). As a matter of fact, by comparing the Rodrigues
representations (11) and (12), it is not difficult to rewrite Szegö’s observation [15, p. 58, Eq.
(4.1.2)] in the following form (cf., e.g. [14, p. 388, Problem 11] and [13]):
F(α,β)n (x; a, b, c) = {c(a − b)}nP(α,β)n
(
2(x − a)
a − b + 1
)
(a = b). (13)
On the other hand, it is known that [14, p. 442, Eq. 8.5(17)]
g(α,β)n (x, y) = (y − x)nP(−α−n,−β−n)n
(
x + y
x − y
)
. (14)
By making use of (13) and (14), we have the following relationship between the Lagrange
polynomials g(α,β)n (x, y) and the extended Jacobi polynomials F(α,β)n (x; a, b, c) defined by (1) and
(12), respectively:
g(α,β)n (x, y) =
(
y − x
c(a − b)
)n
F(−α−n,−β−n)n
(
ax − by
x − y ; a, b, c
)
. (15)
By appropriately combining (3) and (15), we obtain a summation identity for the extended Jacobi
polynomials F(α,β)n (x; a, b, c), which is asserted by Theorem 2 below.
Theorem 2 For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k)F(α+n1−k,β+n2−k)k (x; a, b, c)F(−α−p+k,−β−p+k)p−k (x; a, b, c)
= δp,n1+n2 cp(x − a)n2(x − b)n1Pm(α + β + p) +
(−1)p+m
m! c
pP (m)m
·
[
δn1,m−1(α)m(a − b)n2(x − b)p−n2 + δn2,m−1(β)m(b − a)n1(x − a)p−n1
]
(16)(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + n2
)
.
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88 S.-J. Liu et al.
Proof It is easily seen from the relationship (15) that
p∑
k=0
Pm(k)F(α+n1−k,β+n2−k)k
(
ax − by
x − y ; a, b, c
)
F(−α−p+k,−β−p+k)p−k
(
ax − by
x − y ; a, b, c
)
=
p∑
k=0
Pm(k)
(
c(a − b)
y − x
)p
g(−α−n1,−β−n2)k (x, y)g
(α,β)
p−k (x, y)
=
(
c(a − b)
y − x
)p {
δp,n1+n2(−x)n1(−y)n2Pm(α + β + p) +
(−1)m
m! P
(m)
m (0)
·
[
δn1,m−1(α)mx
p
(
1 − y
x
)n2 + δn2,m−1(β)myp
(
1 − x
y
)n1]}
. (17)
Upon setting
y → x(x − a)
x − b ,
in the last member of (17), the proof of Theorem 2 is completed. 
Since
F(α,β)n
(
x; 1, −1, 1
2
)
= P(α,β)n (x), (18)
upon setting
a = 1, b = −1 and c = 1
2
in the assertion (16) of Theorem 2, we get the following result.
Corollary 2 (see [7, p. 250, Corollary 2.5]) For every polynomials Pm(x) of degree m in x,
p∑
k=0
Pm(k)P(α+n1−k,β+n2−k)k (x)P(−α−p+k,−β−p+k)p−k (x)
= δp,n1+n2
(
x + 1
2
)n1 (x − 1
2
)n2
Pm(α + β + p)
+ (−1)
m
m! P
(m)
m (0)
[
δn1,m−1(α)m(−1)p
(
x + 1
2
)p−n2
+ δn2,m−1(β)m
(
1 − x
2
)p−n1]
(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + n2
)
. (19)
Chen et al. [7] presented many other summation identities for the classical Jocobi polynomials
P(α,β)n (x). Each of their results involving the classical Jocobi polynomials P(α,β)n (x) can also
be restated in terms of the extended Jacobi polynomials F(α,β)n (x; a, b, c) by making use of the
relationship (13) in a rather straightforward manner. The details involved in such obviously trivial
translations of known results are, therefore, skipped here.
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Integral Transforms and Special Functions 89
4. Summation identities for the Laguerre polynomials
The Laguerre polynomials L(α)n (x), given explicitly by
L(α)n (x) =
(
α + n
n
)
1F1(−n; 1 + α; x), (20)
possess the following generating function:
∞∑
n=0
L(α)n (x)z
n = (1 − z)−α−1 exp
(
− xz
1 − z
)
. (21)
The Laguerre polynomials L(α)n (x) and the Jacobi polynomials P(α,β)n (x) are indeed related by
means of the following familiar limit relationship [14, p. 131, Eq. 2.5(1)]:
L(α)n (x) = lim|β|→∞
{
P(α,β)n
(
1 − 2x
β
)}
. (22)
Making use of the limit relationship (22), we find from (19) with
x → 1 − 2x
β
that
p∑
k=0
Pm(k)P(α+n1−k, β+n2−k)k
(
1 − 2x
β
)
P(−α−p+k, −β−p+k)p−k
(
1 − 2x
β
)
= δp,n1+n2
(
1 − x
β
)n1 (
− x
β
)n2
Pm(α + β + p)
+ (−1)
m
m! P
(m)
m (0)
[
δn1,m−1(α)m(−1)p
(
1 − x
β
)p−n2
+ δn2,m−1(β)m
(
x
β
)p−n1]
(23)
(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + n2
)
.
For fixed nonnegative integers n1 and n2, if we let |β| → ∞ in (23), we will obtain several
interesting summation identities for the Laguerre polynomials. For example, upon letting
n2 = m and |β| → ∞
in (23), we get
p∑
k=0
Pm(k)L(α+n1−k)k (x)L(−α−p+k)p−k (−x)
= δp,n1+m
P (m)m (0)
m! (−x)
m + δn1,m−1 (α)m
(−1)m+p
m
P (m)m (0) (24)
(
p, m, n1 ∈ N0; p  n1 + m; n1  m − 1
)
,
where, and in what follows, (λ)ν denotes the Pochhammer symbol or the shifted factorial, since
(1)n = n! (n ∈ N0),
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90 S.-J. Liu et al.
which is defined (for λ, ν ∈ C and in terms of the Gamma function) by
(λ)ν :=  (λ + ν)
 (λ)
=
⎧⎪⎨
⎪⎩
1 (ν = 0; λ ∈ C \ {0}) ,
λ (λ + 1) · · · (λ + n − 1) (ν = n ∈ N; λ ∈ C) ,
(25)
it being understood conventionally that (0)0 := 1.
For n1 = m, the summation identity (24) yields the following known result due to Chen et al.
[7, p. 253]:
p∑
k=0
Pm(k)L(α+m−k)k (x)L(−α−p+k)p−k (−x) = δp,2m
P (m)m (0)
m! (−x)
m (p, m ∈ N0; p  2m). (26)
On the other hand, if we let
n2 = m + 1 and |β| → ∞
in (23), we get
p∑
k=0
Pm(k)L(α+n1−k)k (x)L(−α−p+k)p−k (−x) = δn1,m−1 (α)m
(−1)m+p
m! P
(m)
m (0) (27)
(
p, m, n1 ∈ N0; p  n1 + m + 1; n1  m − 1
)
,
which, upon setting m = 0 in (27), yields the following result:
p∑
k=0
L(α+n−k)k (x)L
(−α−p+k)
p−k (−x) = 0
(
p, n ∈ N0; p  n + 1
)
. (28)
In particular, by setting n = 0 in (28) or, equivalently, by setting m = 0 in (26), we obtain
[7, p. 253]
p∑
k=0
L(α−k)k (x)L
(−α−p+k)
p−k (−x) = 0 (p ∈ N). (29)
If we let
n1 = m − 1 and Pm(k) = km
in (27), we get
p∑
k=0
kmL(α+m−k−1)k (x)L
(−α−p+k)
p−k (−x) = (−1)m+p(α)m
(
p, m ∈ N0; p  2m
)
. (30)
Moreover, in its special case when
Pm(k) = km (m ∈ N0), (31)
the summation identity (26) yields
p∑
k=0
kmL(α+m−k)k (x)L
(−α−p+k)
p−k (−x) = δp,2m(−x)m,
(
p, m ∈ N0; p  2m
)
. (32)
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Integral Transforms and Special Functions 91
Remark 2 It is known that [7, p. 252, Eq. (2.18)]
p∑
k=0
Pm(k)P(−α−β−n1−n2−1, β+n2−k)k (x)P(α+β−1, −β−p+k)p−k (x)
= δp, n1+n2(−1)p
(
x + 1
2
)n1
Pm(α + β + p) + (−1)
m
m! P
(m)
m (0)
·
[
δn1, m−1(α)m
(
x + 1
2
)p (
x − 1
x + 1
)n2
+ δn2, m−1(β)m
(
1 − x
2
)n1]
(33)
(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + n2
)
,
which, upon setting
α → −α − β − p − j, n1 → m, n2 → p − m − 1, x → 1 − 2x
β
and
Pm(k) = km (m ∈ N0),
and by letting |β| → ∞, leads us to the following result:
p∑
k=0
kmL(α+j)k (x)L
(−α−p−j−1)
p−k (−x) = δp,2m(−x)m
(
p, j, m ∈ N0; p  2m
) (34)
or, equivalently,
∑
k=j
kmL(α+j)k−j (x)L
(−α−−1)
−k (−x) = δ,2m+j(−x)m
(
, j, m ∈ N0;   2m + j
)
. (35)
This last summation identity (35) happens to be the main result of the earlier work [2]. As already
remarked by Bavinck [2, p. L279], it was encountered in connection with certain differential
operators for the Laguerre polynomials L(α)n (x).
Remark 3 Given m ∈ N0, if we take r  m and n  m + r, and then set
α −→ −α − β − r, β −→ β − n + r + 1, n1 = r − 1 and n2 = n − r − 1
in (33), we obtain
p∑
k=0
Pm(k)P(α,β−k)k (x)P(−α−n,−β+n−r+k−p−1)p−k (x)
= δp,n−2(−1)n
(
x + 1
2
)r−1
Pm(−α − 1) + P
(m)
m (0)
m!
[
δn−r,m(−β)m
(
1 − x
2
)r−1
+ δr,m(α + β + 1)m
(
x + 1
2
)p (
x − 1
x + 1
)n−m−1]
(36)
(
p, m, n, r ∈ N0; p + 2  n  m + r; r  m
)
.
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92 S.-J. Liu et al.
Upon setting
n −→ n + 2, r = m + 1 and x −→ 1 − 2x
β
in (36), if we let |β| → ∞, we obtain
p∑
k=0
Pm(k)L(α)k (x)L(−α−n−2)p−k (−x) = δp,n(−1)nPm(−α − 1) + δn,2m−1
Pm(0)
m! (−x)
m (37)
(
p, m, n ∈ N0; p  n  2m − 1
)
,
which is equivalent to the following known result [4, p. 416, Theorem 3]:
∑
k=j
Pm(k)L(α)k−j(x)L(−α−n−2)−k (−x) = δ,n+j(−1)nPm(j − α − 1) + δn,2m−1
Pm(0)
m! (−x)
m (38)
(j, , m, n ∈ N0;  − j  n  2m − 1).
5. Summation identities for the Hermite polynomials
The Hermite polynomials Hn(x), defined explicitly by
Hn(x) =
[ n2 ]∑
k=0
(−1)kn!(2x)n−2k
k!(n − 2k)! , (39)
possess the following generating function:
∞∑
n=0
Hn(x)
zn
n! = e
2xz−z2
. (40)
As long ago as 1939, Palamà [12] made use of the second-order homogeneous linear differential
equations satisfied by the two orthogonal polynomials L(α)n (x) and Hn(x) in order to prove the
following limit relationship (see also [5, p. 76, Eq. (4)]):
Hn(x) = (−1)n2 n2 n! lim
α→∞
{
α−
n
2 L(α)n
(
α + x√2α
)}
. (41)
Here, in this section, we first find another limit relationship between the Laguerre polynomials
L(α)n (x) and the Hermite polynomials Hn(x).
Lemma The following limit relationship holds true:
lim
α→∞
{
α−
n
2 L(−α)n
(
−α − x√2α
)}
=
(
− i√
2
)n Hn(ix)
n! . (42)
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Integral Transforms and Special Functions 93
Proof Upon setting
α → −α, x → −α − x√2α and z → z√
α
in (21), we get
∞∑
n=0
α−
n
2 L(−α)n
(
−α − x√2α
)
zn = eϕ(α,z) (|z| < √α; α > 0), (43)
where
ϕ(α, z) = (α − 1) log
(
1 − z√
α
)
+ (α + x
√
2α)z√
α − z
= (1 − α)
(
z√
α
+ z
2
2α
+ z
3
3α 32
+ · · ·
)
+ αz + xz
√
2α√
α − z . (44)
It follows from (44) that
lim
α→∞ ϕ(α, z) =
z2
2
+ √2 xz, (45)
so that the equation (43) assumes the following form:
∞∑
n=0
lim
α→∞
{
α−
n
2 L(−α)n
(
−α − x√2α
)}
zn
= e z22 +
√
2 xz =
∞∑
n=0
(
− i√
2
)n Hn(ix)
n! z
n
, (46)
by means of the Hermite generating function (40). Obviously, our demonstration of the Lemma
is completed by comparing the coefficients of zn in (46). 
By setting x → α + x√2α in (26) and using (41) and (42), we have the following summation
identity for the Hermite polynomials.
Theorem 3 For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k)
(
p
k
)
(−i)kHk(x)Hp−k(ix) = δp,2mP (m)m (0)8m
(
1
2
)
m
(p, m ∈ N0; p  2m). (47)
By setting m = 0 in the assertion (47) of Theorem 3, we obtain the following simpler summation
formula:
p∑
k=0
(
p
k
)
(−i)kHk(x)Hp−k(ix) = 0 (p ∈ N). (48)
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6. Summation identities for the Erkus¸–Srivastava polynomials
Altın and Erkus¸ [1] presented a multivariable extension of the so-called Lagrange–Hermite
polynomials generated by
r∏
j=1
{(1 − xjzj)−αj } =
∞∑
n=0
h(α1,··· ,αr)n (x1, · · · , xr)zn (49)
(
αj ∈ C (j = 1, · · · , r); |z| < min{|x1|−1, · · · , |xr |−1/r}
)
.
The case r = 2 of the polynomials given by (49) corresponds to the familiar (two-variable)
Lagrange-Hermite polynomials considered by Dattoli et al. [8].
The multivariable (Erkus¸–Srivastava) polynomials
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr),
defined by the following generating function:
r∏
j=1
{(1 − xjzj )−αj } =
∞∑
n=0
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr)zn (50)
(
αj ∈ C (j = 1, · · · , r); j ∈ N (j = 1, · · · , r); |z| < min{|x1|−1/1 , · · · , |xr |−1/r }
)
,
are a unification (and generalization) of several known families of multivariable polynomials
including (for example) the Chan-Chyan-Srivastava polynomials
g(α1,··· ,αr)n (x1, · · · , xr)
defined by (2) (see, for details, [10]). Obviously, the Chan–Chyan–Srivastava polynomials
g(α1,··· ,αr)n (x1, · · · , xr)
follow as a special case of the Erkus¸–Srivastava polynomials
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr)
when
j = 1 (j = 1, · · · , r).
Moreover, the Lagrange–Hermite polynomials
h(α1,··· ,αr)n (x1, · · · , xr)
follow as a special case of the Erkus¸–Srivastava polynomials
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr)
when
j = j (j = 1, · · · , r).
First of all, by applying the generating functions (2) and (50), we derive the follow-
ing relationship between the Erkus¸-Srivastava polynomials and the Chan–Chyan–Srivastava
D
ow
nl
oa
de
d 
by
 [T
am
ka
ng
 U
niv
ers
ity
] a
t 0
0:3
0 0
1 M
ay
 20
13
 
Integral Transforms and Special Functions 95
polynomials:
∞∑
n=0
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr)zn
=
r∏
j=1
{
(1 − xjzj )−αj
} = r∏
j=1
j∏
q=1
{(1 − ωjqz)−αj }
=
∞∑
n=0
g(α1,··· ,α1,··· ,αr ,··· ,αr)n (ω11, · · · , ω11 , · · · , ωr1, · · · , ωrr )zn, (51)
where we have tacitly assumed that the following set:
{ωjq : 1  j  r and 1  q  j (j ∈ N; j = 1, · · · , r)}, (52)
which depends upon the j distinct values of the factor x
1
j
j occurring in the expression:
1 −
(
x
1
j
j z
)j
(j = 1, · · · , r),
exists such that
(1 − xjzj )−αj =
j∏
q=1
{
(1 − ωjqz)−αj
}
(j = 1, · · · , r). (53)
Hence, by the assertion (51), we obtain
U (α1,··· ,αr)n;1,··· ,r (x1, · · · , xr) = g(α1,··· ,α1,··· ,αr ,··· ,αr)n (ω11, · · · , ω11 , · · · , ωr1, · · · , ωrr ), (54)
which readily yields
p∑
k=0
Pm(k) U (−α1−n1,··· ,−αr−nr)k;1,··· ,r (x1, · · · , xr) U (α1,··· ,αr)p−k;1,··· ,r (x1, · · · , xr)
=
p∑
k=0
Pm(k)g(−α1−n1,··· ,−α1−n1,··· ,−αr−nr ,··· ,−αr−nr)k (ω11, · · · , ω11 , · · · , ωr1, · · · , ωrr )
· g(α1,··· ,α1,··· ,αr ,··· ,αr)p−k (ω11, · · · , ω11 , · · · , ωr1, · · · , ωrr ). (55)
By using (55) in conjunction with the assertion (3) of Theorem 1, we obtain the following
consequence.
Theorem 4 For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k) U (−α1−n1,··· ,−αr−nr)k;1,··· ,r (x1, · · · , xr) U (α1,··· ,αr)p−k;1,··· ,r (x1, · · · , xr)
= δp,1n1+···+r nr
⎛
⎝ r∏
j=1
j∏
q=1
{
(−ωjq)nj
}⎞⎠Pm(1α1 + · · · + rαr + p)
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+ (−1)
m
m! P
(m)
m (0)
r∑
s=1
⎧⎪⎨
⎪⎩δns ,m−1(αs)m
s∑
j=1
⎛
⎜⎝ωpsj
r∏
ε=1
ε∏
q=1
(ε,q)=(s,j)
{(
1 − ωεq
ωsj
)nε}⎞⎟⎠
⎫⎪⎬
⎪⎭ (56)
(
m, p, n1, · · · , nr ∈ N0; j ∈ N, nj  m − 1 (j = 1, · · · , r); p  1n1 + · · · + rnr
)
.
Upon setting
j = j (j = 1, · · · , r)
in the assertion (56) of Theorem 4, we are led to the following corollary.
Corollary 3 For every polynomial Pm(x) of degree m in x,
p∑
k=0
Pm(k) h(−α1−n1,··· ,−αr−nr)k (x1, · · · , xr) h(α1,··· ,αr)p−k (x1, · · · , xr)
= δp,n1+2n2+···+rnr
⎛
⎝ ∏
1qjr
{
(−ωjq)nj
}⎞⎠Pm(α1 + 2α2 + · · · + rαr + p)
+ (−1)
m
m! P
(m)
m (0)
∑
1jsr
⎧⎪⎪⎨
⎪⎪⎩δns ,m−1(αs)m ω
p
sj
⎛
⎜⎜⎝ ∏
1qεr
(ε,q)=(s,j)
{(
1 − ωεq
ωsj
)nε}
⎞
⎟⎟⎠
⎫⎪⎪⎬
⎪⎪⎭ (57)
(
m, p, n1, · · · , nr ∈ N0; nj  m − 1 (j = 1, · · · , r); p  n1 + 2n2 + · · · + rnr
)
.
Upon setting
r = 2, x1 = x, x2 = y, α1 = α, α2 = β, ω11 = x, ω21 = √y and ω22 = −√y
in (57), we obtain
p∑
k=0
Pm(k) h(−α−n1,−β−n2)k (x, y) h(α,β)p−k (x, y)
= δp,n1+2n2(−x)n1(−y)n2Pm(α + 2β + p) +
(−1)mP (m)m (0)
m!
{
δn1,m−1(α)m x
p
(
1 − y
x2
)n2
+ δn2,m−1(β)m 2m−1(
√
y)p
[(
1 − x√y
)n1
+ (−1)p
(
1 + x√y
)n1]}
(58)
(
m, p, n1, n2 ∈ N0; n1, n2  m − 1; p  n1 + 2n2
)
.
We next consider two special cases. Firstly, by letting n1 = n2 = m in (58), we get
p∑
k=0
Pm(k) h(−α−m,−β−m)k (x, y) h(α,β)p−k (x, y) = δp,3m(xy)mPm(α + 2β + p) (59)
(
m, p ∈ N0; p  3m
)
.
Secondly, upon setting m = 0 in (59), we obtain
p∑
k=0
h(−α,−β)k (x, y) h
(α,β)
p−k (x, y) = 0 (p ∈ N). (60)
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